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1. Introduction
Let R be a commutative noetherian local ring with maximal ideal m and residue ﬁeld k = R/m.
Recall that a space (or spectrum) X has Hurewicz dimension n0 if X is n0 − 1 connected, but not n0 connected. We say
that X is a Hurewicz space (or spectrum) if X is n0 − 1 connected and πn0 (X) is a cyclic module over the integers localized
at a ﬁxed prime p, Z(p) . A map f : X → Y between two spaces (or spectra) of Hurewicz dimension n0 is a monomorphism
if f : πn0 (X) ⊗ Fp → πn0 (Y ) ⊗ Fp and all f : πn(X) → πn(Y ) are monomorphisms.
Atomic topological spaces and spectra have been deﬁned and studied by Adams and Kuhn in [1]. A Hurewicz space
(or spectrum) is atomic if any self-map which induces an isomorphism on homotopy group in the Hurewicz dimension is
an equivalence. Minimal atomic and irreducible topological spaces and spectra have been ﬁrst introduced and studied by
Hu, Kriz, and May in [3]. A space (or spectrum) Y is minimal atomic if it is atomic and any monomorphism from an atomic
space (or spectrum) X into Y is an equivalence. A space (or spectrum) Y is irreducible if any monomorphism f : X → Y is
an equivalence. The following characterization theorem was obtained in [2].
Theorem 1.1. A space (or spectrum) Y is irreducible if and only if it is minimal atomic.
A space (or spectrum) Y has no mod p detectable homology if Y is a Hurewicz space (or spectrum) and the mod p
Hurewicz homomorphism h : πn(Y ) → Hn(Y ;Fp) is zero for all n bigger than the Hurewicz dimension. The following char-
acterization theorem was given in [2].
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In [3], nuclear spaces and spectra were explicitly deﬁned. Also, the core of a space (or spectrum) was deﬁned in [3] and
later the notion of a core was generalized by Baker and May in [2]. A nuclear space (or spectrum) is a Hurewicz space (or
spectrum) X such that ker(πn( Jn) → πn(Xn)) ⊂ p . πn( Jn) for each n where Xn is the n-skeleton of X and Jn is a ﬁnite
wedge of n-spheres. The core of a space (or spectrum) Y is a nuclear space (or spectrum) X together with a monomorphism
f : X → Y . The following propositions were proved in [2].
Proposition 1.3. A nuclear space (or spectrum) is minimal atomic.
Proposition 1.4. If X and Y are nuclear spaces (or spectra) of Hurewicz dimension n0 and f : X → Y is a core of Y , then f is an
equivalence.
Proposition 1.5. A minimal space (or spectrum) Y is nuclear if and only if it has no mod p detectable homology.
Analogously, we investigate these notions in the derived category D+(R) of bounded below chain complexes Y whose
homology modules Hi(Y ) are of ﬁnite type, that is, each Hi(Y ) is ﬁnitely generated R-module.
The following theorem is [4, Theorem 2.4].
Theorem 1.6. Let Y be a bounded below chain complex of ﬁnite type. Then there is a minimal chain complex Y ′ consisting of ﬁnitely
generated free R-modules in each degree and a quasi-isomorphism f : Y ′ → Y .
If Y is any chain complex as stated above, then we have
Hn(Y ) ∼= HomD+(R)
(
R[−n], Y ),
where R[−n] is the chain complex consisting of the R-module R concentrated in degree n.
Deﬁne
Hn(Y ,k) = Hn
(
Y
L⊗
R
k[0]),
the nth homology of the derived tensor product Y
L⊗
R
k[0], where k[0] is the chain complex consisting of the R-module k
concentrated in degree 0. We have the reduction map
ρ : Hn(Y ) → Hn(Y ,k)
induced from the evident morphism
Y ∼= Y L⊗
R
R[0] → Y L⊗
R
k[0].
We have Hn(Y ,k) and Hn(Y ,k) are k-modules and
Hn(Y ,k) ∼= Homk
(
Hn(Y ,k),k
)
.
Recall that if n is an integer, we deﬁne the n-skeleton, Y [n] , of Y to be the subcomplex of Y such that
(
Y [n]
)
i =
{
Yi, if i  n,
0, if i > n.
Now we have the following lemma which characterizes minimal chain complexes.
Lemma 1.7. A chain complex (Y ,d) is minimal if and only if the inclusion of skeleta i : Y [n] → Y [n+1] induces an isomorphism
in : Hn
(
Y [n],k
)→ Hn(Y [n+1],k)= Hn(Y ,k)
for each n.
Proof. Assume that Y is minimal, that is, dn ⊗ idk = 0 for each n. We always have that in : Hn(Y [n],k) → Hn(Y [n+1],k) is an
epimorphism. Since Y is minimal, we have that
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(
Y [n],k
)= Yn ⊗R k → Hn(Y [n+1],k)= Yn ⊗R k
is an epimorphism and hence in is an isomorphism for each n.
Conversely, assume that in is an isomorphism for each n. We show that Y is minimal and we do that by induction. At 0,
we have that
H0
(
Y [0],k
)= Y0 ⊗R k ∼= H0(Y [1],k)= (Y0 ⊗R k)/ im(d1 ⊗ idk).
Therefore, im(d1 ⊗ idk) = 0. Thus, d1 ⊗ idk = 0. Assume that dn ⊗ idk = 0. We claim that dn+1 ⊗ idk = 0. We have that
Hn
(
Y [n],k
)= Yn ⊗R k ∼= Hn(Y [n+1],k)= (Yn ⊗R k)/ im(dn+1 ⊗ idk).
Therefore, im(dn+1 ⊗ idk) = 0. Thus, dn+1 ⊗ idk = 0. Hence, Y is minimal. 
2. Deﬁnitions
In this section, we will consider only chain complexes Y in D+(R) with Yi = 0 for all i < 0 and H0(Y ) = 0 whose
homology modules Hi(Y ) are of ﬁnite type. The condition H0(Y ) = 0 corresponds to the Hurewicz dimension 0.
We begin with deﬁnitions of concepts that are invariant in the derived category. In the following deﬁnitions, consider
chain complexes X and Y as stated above.
Deﬁnition 2.1. A morphism α : X → Y is a d-monomorphism if
α : H0(X) ⊗R k → H0(Y ) ⊗R k
and
α : Hn(X) → Hn(Y )
are monomorphisms for all n 0.
Deﬁnition 2.2. Y is irreducible if any d-monomorphism α : X → Y is a d-isomorphism.
Deﬁnition 2.3. Y is atomic if any self morphism α : Y → Y that induces an isomorphism on H0 is a d-isomorphism.
Deﬁnition 2.4. Y is minimal atomic if it is atomic and any d-monomorphism α : X → Y from an atomic chain complex X to
Y is d-isomorphism.
Deﬁnition 2.5. Y has no mod m detectable homology if H0(Y ) is a cyclic R-module and the reduction morphism ρ : Hn(Y ) →
Hn(Y ;k) is zero for all n > 0.
We will prove the following theorem later when we deﬁne the notion of a nuclear chain complex.
Theorem 2.6. For any chain complex Y , there is a d-monomorphism α : X → Y such that X is atomic with H0(X) a cyclic R-module.
The above theorem implies the following important result.
Corollary 2.7. Every irreducible chain complex is atomic.
The following result characterizes irreducible chain complexes Y which have H0(Y ) a cyclic R-module.
Theorem 2.8. If Y is a chain complex with H0(Y ) a cyclic R-module, then Y is irreducible if and only if Y has no mod m detectable
homology.
Proof. Suppose that Y is a chain complex with H0(Y ) a cyclic R-module. Assume that Y is irreducible. Assume that Y has
mod m detectable homology, that is, ρ : Hn(Y ) → Hn(Y ,k) is non-zero for n > 0. Then there is f : R[−n] → Y such that
0 = ρ( f ) ∈ Hn(Y ,k). Thus, there exists 0 = α : Y → k[−n] where α ∈ Hn(Y ,k). Form the following distinguished triangle
Y
α k[−n] β X γ Y [−1].
M.A. Al Shumrani / Topology and its Applications 157 (2010) 932–940 935Then we have the following long exact sequence
· · · 0 Hn+1(X) γ Hn+1
(
Y [−1]) α k β Hn(X) · · · .
It is clear that Y is irreducible if and only if Y [−1] is irreducible. Thus, γ is d-monomorphism which is not d-isomorphism.
This contradicts the fact that Y is irreducible. Hence, Y has no mod m detectable homology.
Conversely, assume that Y has no mod m detectable homology. We show that Y is irreducible. Let α : X → Y be a
d-monomorphism. We claim that α is d-isomorphism. Let
X
α
Y
β
Z
γ
X[−1]
be a distinguished triangle. Thus, we have the following long exact sequence
· · · Hn(X) α Hn(Y ) β Hn(Z) γ Hn−1(X) · · · .
Then it is clear that α is d-isomorphism if and only if Hi(Z) is zero for all i. Suppose that H(Z) = 0. Let n be minimal
such that Hn(Z) = 0. Thus, ρ1 : Hn(Z) → Hn(Z ,k) is non-zero. Now consider the following commutative diagram
Hn(Y )
ρ2
β Hn(Z)
ρ1
Hn(Y ,k) Hn(Z ,k).
We have that β is an epimorphism since α is d-monomorphism. Thus, ρ2 is not zero since ρ1 is not by diagram chasing.
This contradicts that Y has no mod m detectable homology. Therefore, Hi(Z) is zero for all i. Hence, Y is irreducible. 
We will now present some examples of irreducible chain complexes.
Example 2.9. A free resolution P of a cyclic R-module M obviously has no mod m detectable homology. Hence, it is
irreducible.
Example 2.10. Consider the following chain complex Y
0 R i R ⊕ R 0
where R is in degree 1 and i is the map (0, id). Then it is clear that H0(Y ) = R is a cyclic R-module. Notice that Hi(Y ) = 0
for all i > 0. Thus, the reduction map is zero for i > 0. Therefore, Y has no mod m detectable homology. Hence, it is
irreducible.
Example 2.11. Consider the following Koszul chain complex Y
0 R x R 0
where R concentrated in degrees 1 and 0 and x ∈ m is a non-zero divisor on R . Then it is clear that H0(Y ) = R/xR is a
cyclic R-module and H1(Y ) = 0. Therefore, Y has no mod m detectable homology. Hence, it is irreducible.
We now give the following interesting example.
Example 2.12. Let R = EC(x) be the exterior algebra over the complex numbers C with generator x. Note that R is a
commutative noetherian local ring with maximal ideal m= xC. The residue ﬁeld k = R/m∼= C. Let Y be the following chain
complex
0 R x R x R 0.
Then it is clear that H0(Y ) = C, H1(Y ) = 0 and H2(Y ) =m.
On the other hand, Y
L⊗
R
C[0] is the following chain complex
0 C
0
C
0
C 0.
Therefore, we deduce that ρ : H2(Y ) → H2(Y
L⊗
R
C[0]) is zero. Thus, Y has no mod m detectable homology. Hence, it is
irreducible.
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Example 2.13. Let M be an R-module which is not a cyclic and consider the chain complex Y = M[0]. Then it is clear that
Y is atomic by Deﬁnition 2.3. But there is no reason why Y is irreducible. For example, the chain complex Y = R[0] ⊕ R[0]
is obviously an atomic chain complex but is not irreducible since
R[0] (0,id) R[0] ⊕ R[0]
is a d-monomorphism which is not a d-isomorphism.
Observe that the chain complex R[0] ⊕ R[0] is an example of an atomic chain complex that is not irreducible as well as
not minimal atomic.
We come now to the following important result which proves that minimal atomic chain complexes and irreducible
chain complexes are the same.
Theorem 2.14. A chain complex Y is irreducible if and only if it is minimal atomic.
Proof. Assume that Y is irreducible. We show that Y is minimal atomic. Y is atomic by Corollary 2.7. Let α : X → Y
be a d-monomorphism with X atomic. It is clear that α is a d-isomorphism since Y is irreducible. Hence, Y is minimal
atomic.
Conversely, assume that Y is minimal atomic. We prove that Y is irreducible. Let α : Z → Y be a d-monomorphism. Then
there is a d-monomorphism β : X → Z such that X is atomic by Theorem 2.6. Thus, the composite αβ is d-monomorphism
with X atomic. Hence, αβ is d-isomorphism since Y is minimal atomic. This implies that α induces an epimorphism on
homology modules. Therefore α is d-isomorphism. Hence, Y is irreducible. 
Example 2.15. Example 2.9, Example 2.10, Example 2.11 and Example 2.12 are examples of minimal atomic chain complexes
using Theorem 2.14.
3. Nuclear chain complexes
In this section and unless otherwise stated we will consider chain complexes Y in D+(R) with Y0 = 0 for all i < 0 and
H0(Y ) = 0 and for n 0, the n + 1-skeleton, Y [n+1] , of Y is deﬁned to be the mapping cone of a map ∂n : Jn → Y [n] , where
Jn is a ﬁnite direct sum of copies of R .
Deﬁnition 3.1. A nuclear chain complex is a chain complex Y in which Y0 = R and
ker
(
∂n : Hn
(⊕
R[−n]
)
→ Hn
(
Y [n]
))⊂mHn
(⊕
R[−n]
)
for each n.
Observe that Y is nuclear if and only if each n-skeleton Y [n] for n 0 is nuclear.
Deﬁnition 3.2. A core of a chain complex Y is a nuclear chain complex X together with a d-monomorphism α : X → Y .
Proposition 3.3. A nuclear chain complex is atomic.
Proof. Let Y be a nuclear chain complex and let α : Y → Y be a morphism that induces an isomorphism on H0. We must
show that α is a d-isomorphism or equivalently, Y [n] → Y [n] is a d-isomorphism for each n. Since α induces an isomorphism
on H0, we see that α : Hi(Y [0]) → Hi(Y [0]) is an isomorphism for all i. Assume inductively that α : Y [n] → Y [n] is a d-
isomorphism. Now we claim that α : Y [n+1] → Y [n+1] is a d-isomorphism. It suﬃces to show that Hq(Y [n+1]) → Hq(Y [n+1])
is an isomorphism for q = n and q = n + 1. We have that
⊕
R[−n] ∂n Y [n] Y [n+1]
⊕
R[−n − 1]
is a distinguished triangle. We see that α induces the following commutative diagram
⊕
R[−n] ∂n
∃ f
Y [n] Y [n+1]
⊕
R[−n − 1]
f [−1]
⊕
R[−n] ∂n [n] [n+1] ⊕ R[−n − 1].Y Y
M.A. Al Shumrani / Topology and its Applications 157 (2010) 932–940 937There results the following commutative diagram
0 Hn+1(Y [n+1]) Hn(
⊕
R[−n])
f
Hn(Y [n])
∼=
Hn(Y [n+1]) 0
0 Hn+1(Y [n+1]) Hn(
⊕
R[−n]) Hn(Y [n]) Hn(Y [n+1]) 0.
It suﬃces to prove that f : Hn(⊕ R[−n]) → Hn(⊕ R[−n]) is an isomorphism by the Five Lemma. We have the following
commutative diagram with exact rows
Hn(
⊕
R[−n]) ∂n Hn(Y [n])
∼=
Hn(Y [n+1]) 0
Hn(
⊕
R[−n]) ∂n Hn(Y [n]) Hn(Y [n+1]) 0.
The right vertical arrow is an epimorphism by diagram chasing. Therefore, it is an isomorphism since epimorphic endomor-
phism of a ﬁnitely generated module over a commutative ring R is an isomorphism by Theorem 3.6 in [5]. This implies that
right vertical arrow is an isomorphism in the following commutative diagram
0 ker ∂n
i Hn(
⊕
R[−n])
f
im ∂n
∼=
0
0 ker ∂n
i Hn(
⊕
R[−n]) im ∂n 0.
After tensoring with k, the inclusion i becomes 0 since
ker
(
∂n : Hn
(⊕
R[−n]
)
→ Hn
(
Y [n]
))⊂mHn
(⊕
R[−n]
)
.
Therefore, f ⊗ idk is an isomorphism. This implies that f is an isomorphism. Hence, Y is an atomic. 
Remark 3.4. The converse of Proposition 3.3 does not hold in general. Consider the following chain complex Y
0 I i R 0
in which I is an ideal of R in degree 1 and i is the inclusion map. We see that Y has no mod m detectable homology and
since H0(Y ) = R/I is a cyclic R-module, Y is irreducible by Theorem 2.8. Hence, Y is atomic by Theorem 2.14. However,
Y is not nuclear since it is not free chain complex.
The following result shows that a core of a chain complex always exists.
Theorem 3.5. Let Y be a chain complex. Then there is a core α : X → Y .
Proof. We show that there is a core α : X → Y , that is, X is a nuclear chain complex and α is d-monomorphism. Let
X0 = R and let α0 : R →⊕ R be the inclusion map in the ﬁrst factor. Assume inductively that we have constructed X [n] and
αn : X [n] → Y that induces monomorphism on homology modules in dimension less than n. Choose a minimal (ﬁnite) set of
generators for the kernel of αn : Hn(X [n]) → Hn(Y ). Let Jn be the sum of a copy of R for each chosen generator, and let
∂n : Jn =
⊕
R[−n] → X [n]
represent the chosen generators. Deﬁne X [n+1] to be the mapping cone of ∂n ,
⊕
R[−n] ∂n X [n] X [n+1].
We see that the composite
⊕
R[−n] ∂n X [n] Y
is zero. Notice that for Y there is a distinguished triangle
Y
id
Y 0 Y [−1].
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⊕
R[−n] X [n] X [n+1]
αn+1
0 Y Y .
Then there exists αn+1 : X [n+1] → Y making the diagram commute. Note that the morphism X [n] → X [n+1] induces an
isomorphism on Hi for i < n and an epimorphism on Hn . By construction, we deduce that αn+1 induces a monomorphism
on Hi for i  n. On passage to colimit, we obtain α : X → Y that induces monomorphism on all homology modules. The
minimality of the chosen set of generators ensures that
ker
(
∂n : Hn
(⊕
R[−n]
)
→ Hn
(
X [n]
))⊂mHn
(⊕
R[−n]
)
holds which means that X is nuclear. Hence, there is a core α : X → Y . 
Remark 3.6. Note that the above theorem also holds if Y is a chain complex in D+(R) with Yi = 0 for all i < 0 and
H0(Y ) = 0 whose homology modules Hi(Y ) are of ﬁnite type. For let u ∈ H0(Y ) = Y0/B0(Y ). Lift u to an element u˜ ∈ Y0.
Then it is clear that
〈u〉 = R/I ⊂ H0(Y ) = Y0/B0(Y )
for some ideal I ∈ R . Let X0 = R . Deﬁne α0 : R → Y0 by 1 → u˜. Assume inductively that we have constructed X [n] and
αn : X [n] → Y that induces monomorphism on homology modules in dimension less than n. Choose a minimal ﬁnite set of
generators for the kernel of αn : Hn(X [n]) → Hn(Y ). Now we continue as in the proof of the above theorem to end up with
a nuclear chain complex X and a d-monomorphism α : X → Y .
Combining Proposition 3.3 and Remark 3.6 gives a proof to Theorem 2.6.
The proof of Proposition 3.3 can be adapted to show the following result.
Proposition 3.7. Let X and Y be nuclear chain complexes and let α : X → Y be a core of Y . Then α is a d-isomorphism.
Proof. It is obvious that H0(X [0]) → H0(Y [0]) is an isomorphism. Thus, Hi(X [0]) → Hi(Y [0]) is an isomorphism for all i. Now
assume that α : X [n] → Y [n] is a d-isomorphism. We show that α : X [n+1] → Y [n+1] is a d-isomorphism. It suﬃces to show
that Hq(X [n+1]) → Hq(Y [n+1]) is an isomorphism for q = n and q = n + 1. There is a commutative diagram of distinguished
triangles
Jn =⊕ R[−n] jn
∃ f
X [n]
α
X [n+1]
α
Kn =⊕ R[−n] kn Y [n] Y [n+1].
There results the following commutative diagram with exact rows
0 Hn+1(X [n+1]) Hn( Jn)
f
Hn(X [n])
∼=
Hn(X [n+1]) 0
0 Hn+1(Y [n+1]) Hn(Kn) Hn(Y [n]) Hn(Y [n+1]) 0.
By the Five Lemma, it suﬃces to show that f is an isomorphism. We have the following commutative diagram with exact
rows
Hn( Jn) Hn(X [n])
∼=
Hn(X [n+1]) 0
Hn(Kn) Hn(Y [n]) Hn(Y [n+1]) 0.
The right vertical arrow is an epimorphism by diagram chasing. Consider the following diagram
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∼= Hn(X)
Hn(Y [n+1])
∼= Hn(Y ).
We see that the right vertical arrow is monomorphism. Thus, the left vertical arrow is monomorphism, hence isomorphism.
Thus, the right vertical arrow is an isomorphism in the following diagram
0 ker jn
i1 Hn( Jn)
f
im jn
∼=
0
0 kerkn
i2 Hn(Kn) imkn 0.
We see that the maps i1 and i2 become 0 after tensoring with k. Therefore, f ⊗ idk is an isomorphism. But Hn( Jn) and
Hn(Kn) are ﬁnitely generated free R-modules. Thus, f is an isomorphism. Hence, α is a d-isomorphism. 
In Proposition 3.3, we showed that a nuclear chain complex is atomic and now with the aid of Proposition 3.7, we give
the following strong result.
Theorem 3.8. A nuclear chain complex is minimal atomic.
Proof. Let Y be a nuclear chain complex. We prove that Y is minimal atomic. Y is atomic by Proposition 3.3. Let α : X → Y
be a d-monomorphism where X is atomic. We show that α is d-isomorphism. Let β : Z → X be a core of X . Therefore, the
composite αβ : Z → Y is a core of Y . Hence, αβ is d-isomorphism by Proposition 3.7. Thus, α must induce an epimorphism
on homology and so it is an isomorphism. Therefore, α is a d-isomorphism. Hence, Y is minimal atomic. 
Lemma 3.9. Let Y be a chain complex with H0(Y ) a cyclic R-module. Then Y is nuclear if and only if the reductionmap ρ : Hn(Y [n]) →
Hn(Y [n],k) is zero for n > 0.
Proof. First note that we have the following distinguished triangle
⊕
R[−n] α Y [n] β Y [n+1] γ
⊕
R[−n − 1].
Thus, we have the following commutative diagram with exact rows
0 Hn+1(Y [n+1])
γ
ρ1
Hn(
⊕
R[−n]) α
ρ2
Hn(Y [n])
ρ
0 Hn+1(Y [n+1],k) Hn(
⊕
R[−n],k) Hn(Y [n],k).
Now assume that Y is nuclear. That is, ker(α) ⊂ mHn(⊕ R[−n]) for each n. But ker(α) = im(γ). Let y ∈ Hn+1(Y [n+1]).
Therefore, ρ2(γ(y)) = 0. Thus, ρ1(y) = 0. Hence, ρ : Hn(Y [n]) → Hn(Y [n],k) is zero for n > 0.
Conversely, assume that ρ : Hn(Y [n]) → Hn(Y [n],k) is zero for n > 0. Then im(γ) ⊂ ker(ρ2). But ker(ρ2) =
mHn(
⊕
R[−n]). Thus, ker(α) ⊂mHn(⊕ R[−n]). Hence, Y is nuclear. 
Remark 3.10. Note that ρ2 in the above commutative diagram is an epimorphism. Therefore, when Y is nuclear,
Hn(
⊕
R[−n],k) → Hn(Y [n],k) is zero. This implies that Y is minimal by Lemma 1.7.
Theorem 3.11. Let Y be a chain complex with H0(Y ) a cyclic R-module. Then Y is nuclear if and only if it satisﬁes
(i) Y has no mod m detectable homology,
(ii) Y is minimal chain complex.
Proof. Assume that Y is nuclear. Remark 3.10 shows that Y is minimal chain complex. Consider the following commutative
diagram
Hn(Y [n])
ρ1
Hn(Y )
ρ2
H (Y [n],k) Hn(Y ,k).n
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diagram chasing. Hence, Y has no mod m detectable homology.
Conversely, assume that (i) and (ii) hold. Thus, the bottom arrow is an isomorphism and ρ2 is zero for n > 0 in the above
commutative diagram. Thus, ρ1 is zero for n > 0. Hence, Y is nuclear by Lemma 3.9. 
Example 3.12. Let R = EC(x). Let Y be the following chain complex
· · · x R x R x R 0,
that is, R in each degree with multiplication by x as differential. Then it is clear that
Hi(Y ) =
{
C, i = 0,
0, otherwise.
Thus, Y has no mod m detectable homology. Since x⊗ idC = 0, Y is minimal. Hence, Y is nuclear by Theorem 3.11.
Example 3.13. Note that Example 2.9 is not nuclear since it is not minimal. Therefore, we deduce that minimal free resolu-
tion of a cyclic R-module is nuclear.
Now we give the following description of minimal atomic chain complexes.
Theorem 3.14. The following conditions on a chain complex Y with H0(Y ) a cyclic R-module are equivalent.
(i) Y is minimal atomic.
(ii) Any d-isomorphism α : X → Y from a minimal chain complex X to Y is a core of Y .
(iii) A minimal chain complex d-isomorphic to Y is nuclear.
Proof. We prove that (i) implies (ii). Assume that Y is minimal atomic. Let α : X → Y be a d-isomorphism from a minimal
chain complex X to Y . We show that X is nuclear. We have that X is minimal atomic, hence irreducible by Theorem 2.14,
since α is d-isomorphism. Thus, X has no mod m detectable homology by Theorem 2.8. Hence, X is nuclear by Theo-
rem 3.11. It is clear that (ii) implies (iii). Next we show that (iii) implies (i). Let X be a minimal chain complex d-isomorphic
to Y . Assume X is nuclear. Then X is minimal atomic by Theorem 3.8. Hence, Y is minimal atomic. Then, X has no mod m
detectable homology by Theorem 3.11, hence irreducible. Thus, X is minimal atomic. 
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